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SO SANH CAC TRUNG BINH SAU PHAN TiCH PHUONG SAI
Comparison of treatment means after analysis of variance
Nguyén Dinh Hién'

SUMMARY
The paper introduces methods for comparison of treatment means following analysis of
variance (ANOVA). If the null hypothesis in the analysis of variance is rejected, the next step is
to compare the treatment means (post hoc comparisons). Different tests such as LSD, Scheffé,
Tukey, Bonferroni, S-N-K and Duncan are presented with recommendations, especially
concerning the cases of equal numbers and non-equal numbers of replicates.
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DAT VAN DE
Phan tich phuong sai mot nhan t6 v6i a mic: A, A,, . . ., A, dugc bang:
Nguén | Bac tu | Téng binh Binh phuong Gia tri F thuc Gia tri t6i
bién dong do phuong trung binh hién han F

Nhan t6 a-1 MsA = SSA/dfA | F, = msA/msE | F(a,dfA,dfE)

dfA SSA
Sai s6 n-a msE

dfE SSE

Toan bo n-1 SSTO

Trong phan tich phuong sai mot nhan t6 msE dugc ky hiéu 1a se?, se duoc goi 1a sai so thi
nghiém, dfE 1a bac tu do cta sai s6.

Néu F,,<F (a, dfA,dfE) thi chap nhan gia thiét H,: “Cac trung binh cta cdc mic bang nhau”.
Néu nguoc lai thi bdc bo H,, tic 1a chdp nhan H,: “ Cic trung binh ctia cac mitc khong béang
nhau”.

Phan tich phuong sai hai hay ba nhan t6 thi c¢6 nhi€u gia thiét ing véi céc trung binh khac
nhau (trung binh ctia nhan t6 1, trung binh cua nhan t6 2, trung binh clia tuong tdc, . . .).

Sau khi phan tich phuong sai va két luan “Céc trung binh cta cdc mitc khac nhau” thi van dé
dat ra 12 can so sdnh cdc trung binh dé biét cu thé cdc trung binh ndo bing nhau, cdc trung binh
nao khac nhau.

Dé kiém dinh gia thi€t vé su bang nhau ctia mot loai trung binh phai tinh ty s6 F,,. Binh
phuong trung binh diing lam mau s6 trong F,, chinh 1a binh phuong cua sai s6 dung trong viéc
udc lugng va so sanh cdc trung binh tuong ting, con bac tu do tuong tng ctia mau s6 duoc goi la
bac tu do cua sai s0.

Chiing ta s€ goi sai s6 la se con bac tu do 1a dfE.

! Khoa Su pham k§ thuat, Trudng DPHNNI
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{6 ci o T _ S
Sai s6 ctia trung binh 1a: Sy \/F
Sai s6 ctia hiéu hai trung binh s(y, - V,) = se \/fj
Du6i day 1a mot s6 cach so sanh cac trung binh sau khi phan tich phuong sai.
1. So sanh hai trung binh

So gid tri tuyét doi cta hiéu hai trung binh m; va m; v6i ngudng LSD (sai khic c¢6 y nghia nho
nhat - Least significant difference)

LSD i = t(a /Z,de )X \/mSE (1_+ 1_
r. r.

i i
trong d6 o 1a miic § nghia clia kiém dinh (tic xdc suat dua ra két luan sai 1am: “ hai trung binh
khdc nhau” khi hai trung binh thuc s khong khac nhau), dfE 1a bac tu do ctia sai s6, msE = s, ,
s. 1a sai s thi nghiém, r; va r; 1a cac 1an lap clia mic A, va A,

Néu | x; - x;|< LSD; ket luan hai trung binh m; va m; bang nhau
Néu| x; - x;| > LSD; két luan hai trung binh m; va m; khac nhau.

Khi s6 14n lap bang nhau (déu bang r) LSD béng
LSD = t(a /2,dfE )x ./msE x =
r

2. So sanh nhiéu trung binh (multiple comparaison) khi so lan lip bing nhau
Neéu ¢6 a trung binh thi tat ca c6 a(a-1)/ 2 cdp trung binh can so sanh. C6 nhiéu phuong
phép, thudong goi 1a kiém dinh (test), d€ so sdnh va dugc chia thanh cdc nhém sau:

a. Mot nguong so sanh cho tat ca cac cap

T4t ca cdc cap trung binh déu dugc so sdnh theo ciing mot cach: 1ay gid tri tuyét doi cla
hiéu hai trung binh rdi so v6i mot ngudng. Néu bé hon ngudng thi coi nhu hai trung binh bang
nhau, nguoc lai thi coi nhu khic nhau.

al- Kiém dinh LSD
Néu udc lugng gid tri trung binh thi nira chiéu dai khoang uGc lugng bang:

L = t(a /2, dE )x —=— = tx sy W

N
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Néu so sénh hai trung binh thi ding ngudng kiém dinh:

LSD =t(a/2,dfE)x msEx2 =txs(3, -¥,) o
r

Goi hé s6 t(a/2, dfE) & hai cong thitc (1) va (2) 12 hé s6 nhan t
Phuong phdp LSD la phuong phép kinh dién dugc dung tlr lau va quen thudc véi ngudi dung.

Ciac nghién ctiu sau nay chiing t6 néu ding kiém dinh LSD dé so sénh tat ca cc cap trung
binh thi xdc suft cé két luan sai: “ hai trung binh khac nhau” khi hai trung binh thuc su khong
khac nhau sé khong con 12 oo ma 16n hon nhiéu 1an. Thi du khi so hai trung binh vé6i a= 0,05 néu
¢6 4 muic, tifc 12 6 cdp trung binh thi x4c suat c6 két luan sai c6 thé 16n hon 0,2.

Nhu vay chi nén dung LSD khi so sinh mot cap (hoac mot vai cap ) trung binh nao dé6 ma
chiing ta c6 y do so sanh khi thiét k€& thi nghiém chi khong nén dung dé so sanh tat ca céc cap
trung binh sau khi xur 1y dit liéu.

a2- Kiém dinh Scheffé
Kiém dinh Scheffé ciing dung (1) va (2), nhung thay cho hé s6 nhan t 1a hé s6 nhan s

s = ,/dfA x F (a, dfA, dfE)

trong d6 dfA 1a bac tu do ing véi binh phuong trung binh ndm & tir s6 cta F,,, dfE 1a bac tu do
cua sai s0, F(a,,dfA,dfE) 1a gia tri t6i han trong phan phoi Fisher- Snedecor.

Phuong phédp Scheffé dung dé so sanh moi cép trung binh va con mé rong dé kiém dinh moi
tuong phan (contrast).

Kiém dinh Scheffé dugc goi 1a bao thu vi ngudng so sanh qu4 16n.

a3- Kiém dinh HSD ctia Tukey (con goi la kiém dinh Tukey - Cramer)

Kiém dinh HSD (Honestly significant difference) dua trén viéc nghién ctu céch so sanh
theo phuong phap LSD giita “trung binh nho nhét va trung binh 16n nhat” dé dua ra hé s6 nhan w
thay cho hé s6 t trong (1) va (2)

_ q(a,a,dfE)
TR

q(a,p,dfE) duoc cho trong cdc bang s6 thong ké véi tén goi bang cdc phan vi trong phan

phai ctia pham vi kiéu Student (hay Student ho4).
(Selected percentiles of Studentized range distributions hayUpper percentage points of the
Studentized range), trong do:

o 1a mic ¥ nghia cta kiém dinh

p la tham s6 ctia phan phdi (& day 14y p = a)

dfE la bac tu do cta sai s6.

Ngudng tinh theo HSD 16n hon ngudng tinh theo LSD va nho hon ngudng tinh theo
Scheffé.

a4- Kiém dinh Bonferroni
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Khi ¢6 k cap trung binh cin so sénh thi dua trén nhan xét vé khuyét diém cta kiém dinh
LSD Bonferroni thay hé s6 nhan t trong (1) va (2) bang hé s6 nhan t’

t= t(a /2, dfE) t’ = t(a’,dfE) véi o’ =o/2k
Thi du ¢6 5 trung binh can so sanh, tat ca ¢6 k =5 x 4 /2 = 10 cép trung binh.
Gia stt a = 0,05 va bac tu do dfE = 65
o =0,05 o’ =0,05/20 = 0,0025 hay 0,25%
t= t(0,025,65) = 1,997 t” = 1(0,0025,65) = 2,906

Sau day 1a thi du vé so sanh 5 trung binh véi s6 1an lap r = 14; o = 0,05; dfE = 65
m,; = 4,050; m, =4,429; m3 = 4,900; m, = 5,343; ms; = 5,921; se = 1,633
Ngudng:

LSD 1,997 x 1,633 x \/% =1,997x0,6172 = 1,233
1 | 2
Tukey Cramer 3,975 x x 1,633 x .|— =1,735
Ny 14

Bonfferroni 2,906 x 1,633 x /% = 1,79%

Scheffé V4 x 2,513 x1,633 x 1/& =1,957

b. Nhiéu nguong so sanh cho cac cap.

Néu sap xép cdc trung binh tir nhd dén to thi ¢6 cdc kiém dinh véi nhiéu ngudng so sdnh,
con goi 1a kiém dinh da pham vi (multiple range test). Hai trung binh ké nhau ding ngudng so
sanh véi tham s6 p = 2, hai trung binh cdch nhau mot (tic 1a & gitta ¢c6 mot trung binh) diung
ngudng vGi p =3, cich nhau hai thip=4...

bl- Kiém dinh Student - Newman - Keuls (Goi tdt la kiém dinh S-N-K)

Cac ngudng so sanh se?
W(p) = q (ou,p,dfE) sy =q(o,p,dfE)x ’/T

trong d6 q (o, p,dfE) 1a tri 1dy trong bang cdc phan vi trong phan phdi clia pham vi kiéu
Student (hay Student hod) da gidi thiéu & muc a3 (Kiém dinh Tukey Cramer)
o 1a mitc y nghia, p 1a tham s6, dfE 1a bac tu do cua sai s6, Sy 1a sai s6 ciia mot trung binh.

Thi du v6i dfE = 24; se*= 11,79 ;r=5 tacéd 5/: ‘[%:1,536

Cic gia tri W(p) dé so sénh 6 trung binh
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p 2 3 4 5 6
q0,025,p24) | 292 3,53 3,90 4,17 437
W(p) 45 54 6,0 6,4 6,7

Ap dung vao 6 trung binh xé&p tir nhd dén to ta c6 két qua sau:

13,3 14,6 18,7 19,9 24,0 28,8

b2- Kiém dinh Duncan
Kiém dinh Duncan dung cong thiic tuong tu kiém dinh S-N-K nhung chon mic y nghia o’
tuy theo a - s6 cong thic cin so sdnh
o’ =1-(1-)"
(thidua=3 a=0,05 o =0,0975; a=4 a’=0,14)
Duncan 1ap ra bang s6 twong tu bang cdc phan vi trong phan phoi clia pham vi kiéu Student, tir
do6 tim dugc ngudng so sdnh

J— 2
R(p) = q(a’,p,dfE) sy =q(a’,p,dfE)x ﬁ

p 2 3 4 5 6
q(o’,p,24) 2,92 3,07 3,15 322 3,28
R(p) 45 4,7 4,9 5,0 5.1

Ap dung vio thi du trén cho két qua tuong tir kiém dinh S-N-K

3. So sanh nhiéu trung binh (multiple comparaison) khi so lan lip khong bang nhau
Khi udc lugng d6i véi trung binh m; theo LSD phai thay sy trong cong thic (1)
doi v6i nlra khoang tin cay L bang sy; dé c6 cong thic (1°)

Se
= =txsy, (1)
AT

Dai v6i cac udce luong theo Scheffé, Tukey Cramer, Bonferroni cling 1am tuong tu.
Khi so sdnh hai cong thirc ¢6 trung binh m; va m; v6i s0 14an 1ap khéc nhau thi phai thay 2/ r trong
cong thic tinh s(y; - y;) bang (1/1,+ 1/1;) dé ¢6 (2)

LSD =t(a/2, de)xW) =txs(y, -Y,) 2)
! i

Do6i v6i céc kiém dinh clia Scheffé, Tukey Cramer, Bonferroni 1am tuwong tu.

L = t(a /2, dfE )
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—_ s f 1 1
D6i voi cac kiém dinh S-N-K vd Duncan thi thay sy =\/T bing Sez(r_+r_)
i i

Mot s6 kiém dinh khac

Kiém dinh Dunnet
Khi so sanh céc trung binh néu c¢6 déi chiing thi nén dung kiém dinh Dunnett (c6 thé kiém
dinh mot phia va hai phia).
D6i v6i kiém dinh Dunnett thi ding bang s6 riéng dé tinh hé s6 nhan t, thay cho hé s6 t
trong cong thitc (2) ciia LSD. Néu s6 14n lap khong bang nhau thi thay 2/ r bang (1/1; + 1/1)).
Ngoai céc kiém dinh mot ngudng chung hoic nhiéu ngudng da néu trong cic chuwong trinh
mdy tinh con mot s6 kiém dinh khac nhu kiém dinh Tukey b, Waller-Duncan, Hochberg GT2,
Gabriel, Sidak, kiém dinh F cia REGW (Ryan-Einot-Gabriel-Welsch), kiém dinh pham vi clia
REGW.
Mot s6 kiém dinh c6 cdch ti€p can rdt méi va khong theo céc lap luan quen thuodc trong
thong ké kinh dién véi cdc tinh toén kha phuc tap.

Kiém dinh khi cdc phuong sai ciia cdc miic khong bang nhau

Mot trong nhiing gia thi€t co ban clia phan tich phuong sai 1a céc sai s6 phan phéi chuin
v6i phuong sai bing nhau 6°. Khi phan tich phuong sai phai kiém dinh gid thiét cdc phuong sai
clia cidc mic chia nhan t6 bing nhau (dung kiém dinh Bartlett hay Levene).

Céac kiém dinh néu & cac phan trén déu doi hdi cac phuong sai clia cdc miic bang nhau.

Trong cdc chuong trinh mdy tinh c6 cdc kiém dinh khong doi hdi cdc phuong sai clia cdc
mifc bing nhau nhu kiém dinh T2 ctia Tamhane, Dunnett T3 va Dunnett C, Games Howel.

Trong ldc chd doi cdc nghién ctiu méi dé danh gia k§ hon céc kiém dinh thi theo 16i khuyén
trong mot so tai liéu néu so sanh mot s it cap trung binh di cé y d6 so sanh tir trudc ¢ thé dung
kiém dinh LSD, néu so sanh véi d6i ching thi dung Dunnett, néu so sdnh tit ca cic cip trung
binh thi ding Tukey HSD. Néu sip xép cdc trung binh theo thit tu tir nho dén 16n sau d6 phan
chia thanh mot s6 nhém déng nhét thi dung kiém dinh  S-N-K hodc Duncan, tuy nhién can chd
y 1a tuy hai kiém dinh nay duoc ngudi st dung hoan nghénh vi don gidn va sét thuc t& nhung lai
khong duogc cdc nha nghién ctu 1y thuyét thong ké cong nhan vi khong chat ch& trong chiing
minh.
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